
FLAT AND FORMALLY UNRAMIFIED IS NOT FORMALLY ÉTALE
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In [Sta20, Tag 04FF] it is shown that an unramified flat morphism of schemes X → S is formally étale.
The goal of this note is to give two examples that illustrate that we cannot replace ‘unramified’ by ‘formally
unramified’.1 The first example exploits special properties of perfect rings, while the second example shows
the result fails even for maps of Noetherian regular rings.

Lemma 0.0.1. Let A = Fp[T ] be the polynomial ring in one variable over Fp. Let Aperf denote the perfect
closure of A. Then A→ Aperf is flat and formally unramified, but not formally étale.

Proof. Note that under the Frobenius map FA : A → A, the target copy of A is a free-module over the
domain with basis {1, T, . . . , T p−1}. Thus, FA is faithfully flat, and consequently, so is A→ Aperf since it is
a colimit of faithfully flat maps. Since Aperf is a perfect ring, the relative Frobenius FAperf/A is a surjection.
In other words, Aperf = A[Apperf ], which readily implies ΩAperf/A = 0. Then A→ Aperf is formally unramified
by [Sta20, Tag 02H9].

It suffices to show that A→ Aperf is not formally smooth. Note that since A is a smooth Fp-algebra, the
cotangent complex LA/FP

' ΩA/Fp
[0] is concentrated in degree 0 [Sta20, Tag 08R5]. Moreover, LAperf/Fp

' 0
in D(Aperf) because Aperf is perfect; see for example [Bha18, Proposition 2.3]. Thus, using the exact triangle
of cotangent complexes

LA/Fp
⊗A Aperf → LAperf/Fp

→ LAperf/A

in D(Aperf) [Sta20, Tag 08QS], we get LAperf/A ' ΩA/Fp
⊗A Aperf [1], that is, LAperf/A is concentrated in

degree −1, where its cohomology is isomorphic to a free Aperf -module of rank 1. Thus, A → Aperf is not
formally smooth by [Sta20, Tag 0D0L]. �

The next example also involves rings of prime characteristic, but is perhaps a little more surprising. The
drawback is that it requires more knowledge of characteristic p phenomena than the previous example. Recall
that we say a ring A of prime characteristic is F -finite if the Frobenius map on A is finite.

Lemma 0.0.2. Let (A,mA, κA) be a noetherian local ring of prime characteristic p > 0 such that [κA :
κpA] <∞, that is, κA is F -finite. Then the canonical map

A→ Â

to the m-adic completion of A is flat and formally unramified. However, if A is regular but not excellent,
then this map is not formally étale.

Proof. Flatness of A→ Â is clear, and to show that the map is formally unramified, it suffices to show that
ΩÂ/A = 0. The completion Â is F -finite because κA is F -finite – here you use Cohen’s structure theorem
and the fact that a powerseries ring over an F -finite field is F -finite. Thus

ΩÂ/Z

is a finitely generated Â-module. Using the fundamental exact sequence

ΩA/Z ⊗A Â→ ΩÂ/Z → ΩÂ/A → 0 (0.0.2.1)

1This note exists mainly because its authors have now on two separate occasions thought about whether formally unramified
and flat implies formally étale. The satisfaction of coming up with an example the second time was dimmed by the realization
that we had already come up with a different example the first time. And a third time is probably not the charm.
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we conclude that ΩÂ/A must also be a finitely generated Â-module. Tensoring the above exact sequence by
κÂ = κA, in order to show that ΩÂ/A = 0, it suffices to establish by Nakayama’s lemma that

ΩA/Z ⊗A κÂ → ΩÂ/Z ⊗Â κÂ
is surjective. But this follows from the 4-lemma applied to the following diagram with exact rows

mA/m
2
A

=

��

// ΩA/Z ⊗A κA

��

// ΩκA/Z

=

��

// 0

mÂ/m
2
Â

// ΩÂ/Z ⊗Â κÂ // ΩκÂ/Z
// 0

To summarize, we have proved so far that the canonical map A→ Â is flat and formally unramified.

Suppose A is regular but not excellent. We have to show that A→ Â is not formally étale. Note that A
cannot be F -finite by work of Kunz [Kun76, Corollary 2.6]. Moreover, a result of Seydi’s [Sey80, Proposition
(3.1)] then implies that

ΩA/Z

is not a finitely generated A-module. If A → Â is formally étale, then the exact sequence from (0.0.2.1) is
also exact on the left, that is,

0→ ΩA/Z ⊗A Â→ ΩÂ/Z → ΩÂ/A → 0

is exact [Sta20, Tag 031K]. Then ΩA/Z ⊗A Â is a finitely generated Â-module since it is a submodule of the
finitely generated Â-module ΩÂ/Z. But this is impossible because finite generation of modules descends over
faithfully flat base change [Sta20, Tag 08XD] and ΩA/Z is not a finitely generated A-module. �

Remark 0.0.3. Non-excellent regular rings with F -finite residue fields can be constructed even in the
function field of P2

k, over a characteristic p field k = k. See [DS18, §4.1].

The proof of Lemma 0.0.2 actually shows a little more.

Corollary 0.0.4. Let (A,mA, κA) be a regular local ring of characteristic p > 0. Suppose [κA : κpA] < ∞.
Then A is excellent if and only if A→ Â is formally étale.

Proof. The backward implication follows from Lemma 0.0.2. For the forward implication, note that we
already know from Lemma 0.0.2 that A → Â is formally unramified. Thus, it suffices to show that the
completion map is formally smooth when A is excellent. But this is a consequence of Néron-Popescu desin-
gularization because A→ Â can be written as a filtered colimit of smooth A-algebras [Sta20, Tag 07GC], and
an ind-smooth map is readily checked to be formally smooth using the infinitesimal lifting criterion [Sta20,
Tag 00TI]. �
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